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I present calculations of two-loop vertex corrections with massive and 
massless partons in the eikonal approximation. I show that the n-loop 
result for the UV poles can be given in terms of the one-loop calculation. 

1 Introduction 

The eikonal approximation is valid for emission of soft gluons. The approxima- 
tion simplifies the usual Feynman rules for the quark propagator and quark- 
gluon vertex as follows: 

u p -17^ — — — ^ u{v)-i^- — — = m(p) — — 1) 

yp + ky — m'' + le 2p ■ k + le v ■ k + le 

with k —^ the gluon momentum, p the quark momentum after emission of 
the gluon, v a dimensionless vector v (x p, and I have omitted overall factors 
of gsTp with ~ Anag and Tp the generators of SU(3) in the fundamental 
representation. 

The eikonal approximation has numerous phenomenological applications in 
QCD, including threshold resummations for a variety of QCD processes [1, 2, 3, 
4, 5, 6]. In these applications we are mainly interested in the ultraviolet (UV) 
pole structure (in dimensional regularization) of one-loop, two-loop, and higher- 
loop eikonal vertex corrections. In this talk, I discuss explicit calculations of 
one-loop and two-loop eikonal vertex corrections for diagrams with massive and 
massless partons and show that the n-loop UV poles are given simply in terms 
of the one- loop result [7] . 
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2 One-loop calculations 

(n) 

Let us denote by uj^j the kinematics, color-independent, part of the n-loop 
correction to the eikonal vertex with lines i and j. At one loop, the expression 




Figure 1: One- loop eikonal vertex correction diagram 
for w^j-* (see fig. 1) in axial gauge is 

J (ZTTj^k^ + ie OiVi ■ k + le OjVj ■ k + le 

with 5 = +1(— 1) when k flows in the same (opposite) direction as v, and 

where n is the axial gauge vector. A = +1(— 1) for a quark (antiquark) eikonal 
line, while for a gluon eikonal line A = for a gluon located above (below) 

the eikonal line. 

Now let I^^'' denote the contribution to uj\j^ from the ^-th term in the gluon 
propagator N'^'^{k) (i.e. is the contribution from the g^^'^ term, I^^ from 
the n^^k^ terms, and /g^"* from the fc^'fe" term). In dimensional regularization 
with e = 4 — _D, the UV poles in uj\^^ for the case of massive quarks, with mass 
m, are given by [1] 
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and thus 



J'^ uv ^ ^(1) 

^3 



with s\^'' = AjAj5j(5j an overall sign and 
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with (3 = ^/^ — ^m?/s. The functions Li and depend on the axial gauge 
vector n and are cancelled when wc include the heavy-quark self energies. 
When Vi refers to a massive quark and Vj to a massless quark we have [1] 
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the double poles cancel in the sum over the /(^^'s and we get 
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Finally, when both Vi and refer to massless quarks we have [8, 1] 



(1)UV 



a.. 



+ In (5,6 j ^) - ln(47r) 



r(l)UV 



7i5 + 2 In(t'ii^j) - ln(47r) 



r(l)UV _ Ois I 

la — 



TT £ 



(8) 



Again, we note that the double poles cancel in the sum over the I^^^ 's and we 
get 
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3 Two-loop and rt-loop calculations 

For the two-loop diagram in fig. 2 we have 



Pi + ki + k2 




Pj - ki~ h 



Figure 2: Two- loop eikonal vertex correction diagram 
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52iVi ■ {kl -f k2) + ie 62jVj ■ (ki + ^2) -I- ie' 



Let I'jfi' denote the contribution to ljIJ-* from the product of the A:-th term 
in the axial-gauge gluon propagator N^^{ki) with the term in Nf"^{k2)- 
Then we can rewrite 



(10) 
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fe, (=1,2,3 



When both partons are massive, an explicit calculation of the two-loop diagram 
gives the following results for the leading UV (1/e^) poles at two loops: 
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Then 

4f ""^(Vi^vj) =^1?^^ [Lfi + Li + L, -if + O 0) , (13) 

where Slj = AijAijA2iA2j^ii5ij^2i^2j- The calculation of the 1/e terms is 
given in [7]. 

We now note that the leading two-loop UV poles are simply the square of 
the one-loop result since Imn^^ = Im^'^^ In^'^^ . Similar results hold for the 
cases when one or both partons are massless. For example, the leading poles 
in /23^'^^ when one of the partons is massless and the other is massive are 

(2) 

We noted that the coefficient of the leading UV pole in uj^j ' is simply the 
square of the coefficient of the leading UV pole in wjj^. We can show by induc- 
tion that this generalizes to n loops [7] . Thus the leading UV pole in the n-loop 
corrections for massive partons, is {as/'K)"{l/e"^) [Lp + Li + Lj — if^ . 

Furthermore a similar structure holds for non- leading UV poles [7] . 

References 

[1] N. Kidonakis and G. Sterman, Phys. Lett. B 387, 867 (1996); Nucl. Phys. 
B505, 321 (1997). 

[2] N. Kidonakis, G. Oderda, and G. Sterman, Nucl. Phys. B525, 299 (1998); 
Nucl. Phys. B531, 365 (1998). 

[3] E. Laenen, G. Oderda, and G. Sterman, Phys. Lett. B 438, 173 (1998). 

[4] E. Laenen, G. Sterman, and W. Vogelsang, Phys. Rev. D 63, 114018 (2001). 

[5] N. Kidonakis, Phys. Rev. D 64, 014009 (2001); Int. J. Mod. Phys. A 15, 
1245 (2000). 

[6] N. Kidonakis, Cavendish-HEP-03/02, hep-ph/0303186; in DIS03, hep- 
ph/0306125. 

[7] N. Kidonakis, hcp-ph/0208056; in DPF2002 hep-ph/0207142. 
[8] J. Botts and G. Sterman, Nucl. Phys. B325, 62 (1989). 



